Abstract. Based on some previous results, one gives a general formula for introducing electromagnetic multipole expansions in terms of symmetric and traceless Cartesian tensors.
Introduction
Some advantages of the cartesian forms for multipole moments in the traditional formulation of the electromagnetic theory are well known but the procedure of obtaining multipole tensors corresponding to irreducible representations of the 3-dimensional rotation group, especially in the dynamic case, was somehow neglected. However, the method done in [1] for obtaining the symmetric and traceless part of an nth-rank tensor may be successfully used for this aim.
Let us consider charge ρ(r, t) and current j(r, t) distributions having supports included in a finite domain D. Choosing the origin O of the Cartesian coordinates in D, the retarded vector and scalar potentials at a point outside D, r = x i e i , are given by the the multipolar expansions 
where, denoting by T (n) a nth-order tensor, A
.B
(m) is a |n − m|th-order tensor with the components:
The electric and magnetic moments are defined by
As one sees, the P (n) electric tensor is fully symmetric; the magnetic tensor M (n) is symmetric in the first n − 1 indices and
It is shown in [2] that we can introduce such transformations of the multipole tensors
where P (n) , M (n) are fully symmetric and traceless tensors, so that, if A and Φ are obtained from equations (1) by the substitutions (4), then
The present paper is an attempt to systematize some results of the author and of the co-workers in this field resuming them in a compact formula.
A Gauge Invariant Procedure of Reducing Multipole Tensors
We present bellow the results from [2] by a way initiated in [3] . ‡ In the transformations (4) the operations of obtaining the symmetric and traceless part of some tensors are implied. Generally, we will have to obtain the symmetric parts of nth-rank tensors of magnetic type, i.e. being symmetric in the first n − 1 indices and verifying the property (3). Let L (n) such a tensor. Then, the symmetric part of this tensor is given by and an n − 1th-rank tensor:
which is fully symmetric in the first n − 2 indices and the contractions of the last index with the precedent indices give null results. So, the tensor N [L (n) ] is of the type M (n−1) . Particularly,
the demonstrations are given using the charge and current densities expansions and it is easy to see that
Let a fully symmetric tensor S (n) and the detracer operator T introduced in [1] . This operator acts on a totally symnmetric tensor S (n) so that T [S (n) ] is a fully symmetric and traceless tensor of rank n. The detracer theorem of Applequist [1] states that It is usefull to introduce here another operator Λ by the relation
where
define a fully symmetric tensor of rank n − 2. From this definition together with the theorem (9), we obtain
In the following, for simplifying the notation, any argument of the operator Λ is considered as a symmetrized tensor i.e. Λ[
sym ] for any tensor T (n) . Same observation applies to the operator T :
sym ]. The following four transformation properties of the multipole tensors and potentials may be used for establishing the results from [2] .
1-Let the transformation of the nth-order magnetic tensor § :
Let us substitute in the expansion of the potential A the tensor
We suppose that the tensors L and S, used for obtaining general transformation relations, are function of t − r/c.
Here the relation ε ijk ε i λ kq = δ iq δ ji λ − δ ii λ δ jq is considered and, also, that for r = 0
The function Ψ is given by
Let the transformation
Introducing the transformed potentials produced by the substitution
, P (n−1) →P
So, the transformation (12) produces changes in the potentials which, up to a gauge transformation, are compensated by the transformation (14). 2-Let the transformation of the nth-order electric tensor:
We obtain
The change of the vector potential is compensated by the transformation
3-Let the transformation of the magnetic vector of rank n:
where S (n) is a fully symmetric tensor. The change in the vectorial potential produced by this transformation is
This alteration of the vectorial potential is eliminated by the transformation
4-The transformation
produces the following changes of the potentials:
with b(n) given by equation (18). The effect of the transformation (20) on the potential A is the compensation of the extra-gauge term . So
but it is easy to see that the modification of the scalar potential Φ produced by the transformation (20) together with the modification due to the transformation (19) give
′ ∂t the total effect of the transformations (19) and (20) being a gauge transformation of the potentials.
General Formula
Let the gauge invariant process of reducing the multipole tensor begins for the electric tensors from the order n = ε and for the magnetic ones from n = µ. Generally, as seen, for example, from the calculation of the total power radiated by a confined system of charges and currents, ε > µ. Moreover, in this case, for a consistent consideration of the multipolar expansion of the radiated power, it suffices to get ε = µ + 1, [3] . In the following we consider the cases ε > µ. The following formulae are results of the rules represented by equations (14), (16), (18) and (20).
and
By P (n) and M (n) we understand the "static" expressions of the reduced multipole tensors:
In these formulae one considers
For justifying the formulae (21), (22), we may consider separately the reduction of the tensors P (n) beginning from n = ε. Using equation (20), we obtain
Repeating the operations but beginning from n = ε −1, we obtain the full set of reduced electric tensors for µ = 0. The process of reduction is a little more complicated for the magnetic tensors because of the operation of symmetrization. Beginning with n = µ and applying equations (14), (16), we obtain the following results for the symmetrized tensors: 
By applying equations (18) and (20) to these results, we obtain the equations (21) and (22).
Conclusions
Equations (21) and (22) show that it is possible to give compact formulae for the electromagnetic multipolar expansions using the general tensorial formalism and all is reduced to simple algebraic calculations which may be performed also by automatic numerical or symbolic computation.
